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1 Introduction 



The BRST quantization of two dimensional VV[g] gravity coupled to W[g] matter poses 
the interesting mathematical problem of computing the semi-infinite cohomology of a 
W-algebra with values in a tensor product of two (positive energy) W-modules. In 
this note we study this cohomology both for free scalar fields as well as for W minimal 
models coupled to W-gravity, i.e. we study the cohomology of the tensor products of 
two Fock spaces at irrational a^, and of an irreducible W-module with a Fock space. 
In these cases we give the complete results for the cohomologies. The work described 
in this paper is an extension of lH, 0], where we presented results for the case in which 
the 'Liouville' momentum takes values in one specific Weyl chamber. We refer to 
for further references on the subject. 

Strictly speaking, the relevant BRST operator has only been shown to exist, by 
explicit construction, for W3 = >V[s/(3)] [0, However, since our analysis is insensi- 
tive to the specific form of the BRST operator, pending the existence proof we have 
formulated our results for arbitrary simple, simply-laced Lie algebras g. 

For irrational a^, it turns out that there is an intimate connection between the W[g] 
cohomology of a tensor product of two W Fock spaces and the (twisted) g cohomology 
of the product of two twisted g Fock spaces, which is the finite-dimensional analogue 
of a G/G coset model. Closely related observations have been made in 

This note is organized as follows. In section 2 we discuss the (twisted) g cohomology 
of the product of two twisted Fock spaces. In appendix A we give the complete result for 
g = s/(2) and s/(3). Our results in this section mainly serve the purpose to formulate 
the results for the W-cohomology through the correspondence alluded to above, but we 
believe they are also interesting in their own right. In section 3 we consider the W[g] 
cohomology of a tensor product of two Fock spaces and explain the correspondence with 
the (twisted) g cohomology. Finally, in section 4, we present a complete result for the 
W[g] minimal models coupled to W[g] gravity. At the end we included a table of some 
of the states for explicitness. We compare our results to previously obtained results, in 
particular those of [0, §], and find complete agreement. 

2 C- cohomology of a product of two twisted Fock 
spaces 

Let g be a finite-dimensional simple Lie algebra. Fix a triangular decomposition 
g = n_ © h © n+, and a corresponding Chevalley basis {e_a, /li, Cq,}, a G A+, i = 
1, . . . ,rankg. For any g-module V in the BGG-category O (loosely speaking, the 
category of modules with weights bounded from above), we can consider its 'twisted' 
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cohomology HJ^(g, V), which is the finite-dimensional analogue of the so-called 'semi- 
infinite' cohomology introduced by Feigin [|10|. This cohomology is defined as follows 
(see |TT|, |T^ for more details): Introduce a ghost system (6a, c^) for each generator 
ca of g, with (anti-)commutators {Ba, c^} = Sa^, and denote the corresponding ghost 
Fock space F^^. The (physical) ghost vacuum |gh) satisfies 

6a|gh) = 6i|gh) = c""|gh) = , a G A+, z = 1, . . . ,rankg. (2.1) 

The ghost Fock space is graded by ghost number, gh(c^) = 1, gh(6A) = —1, and is a 
g-module under the action 

^'\eA) = - E fAB^'c'^bc . (2.2) 

B,C 

Note that the highest weight of F^^ equals 2p, where p is the principal vector of g 
((p, a) = 1, Va G A+), as is easily computed via 

7r^\k)\gh) = - y: /^-.~"c-"6„,igh) = («r,«)igh) = («r,2p)igh) . (2.3) 

The (twisted) cohomology Htw(g, V) is defined as the cohomology of the (BRST) oper- 
ator 

d = Yc^{AeA)+'^7r^\eA)) , (2.4) 

A 

acting on the (graded) complex V C?> F^^. 

The twisted cohomology of a subalgebra of g is defined similarly by restricting to the 
appropriate subset of generators. In particular we are interested in the cohomologies 
of (twisted) nilpotent subalgebras nf! = w • n+ • w^^, corresponding to Weyl group 
elements w G W. In this case the sums run over a G t(7(A+). 

To orient the discussion it is worth noting in the "untwisted" case {w' = 1) that the 
computation of H^„(n+, V)x = (n+, V)x = Extij{Mx, V) for various modules V eO 
is a classical problem in mathematics. In the case when y is a finite-dimensional 
irreducible module L\ the result is well-known (see ( |2.7| ) below, where this result is 
derived as an illustration of standard techniques). For many other interesting modules, 
such as Verma modules, the problem has only been solved partially. 

Besides Verma modules Mx and contragredient Verma modules Mx there exists 
a class of modules in O, the so-called twisted Fock spaces F^ (labelled by elements 
w G W), that interpolate between Mx and Mx- [Our conventions are such that F^ = 
Mx and F^° = Mx] These modules are, in a sense, finite-dimensional analogues of 
Wakimoto modules and were introduced in [|lT| (see |]15[ for explicit realizations). 



They are uniquely characterized by the property that they are free over W(n^ n n_ 
cofree over U{n^ fl n_|_) and have a unique highest weight vector (of weight A). 
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The cohomology of a twisted Fock space with respect to the nilpotent subalgebra 
with the same twist w, is given by 

HLK,Fr) = 5^'°(rA+p-.p. (2.5) 

In fact, ( p.5| ) uniquely characterizes the module F^ in the category O. 

For A an integral dominant weight, i.e. A G P+, there exist resolutions of the 
irreducible module La in terms of twisted Fock spaces F^ (for any w G W) with terms 

C;La= F-^, (2.6) 

where iw{o') is the twisted length of cr G W, which can be expressed in terms of the 
usual length i through iw{a) = £(w~^cr) — i{w~^) and a * A = cr(A + p) — p denotes a 
shifted action of the Weyl group. 

To illustrate an application of ( ^.6] ) we reproduce the known result for Ht„(n![;, La) 
as alluded to above. Simply take a resolution of La in terms of Fock spaces twisted by 
the same w E W and apply (|2.5|) to the resulting double complex. We find 



H*„(n^,LA)= (ra*A+p-wp- (2.7) 

We are interested in computing the twisted cohomology HJ;^(g, Fj;" ® F^'"^"), or 
rather the cohomology relative to the Cartan subalgebra t, which we will denote by 
H^^(g,t;F^ ® F^'^°). [The Weyl group element wq denotes the unique element of 
longest length in W .] This cohomology corresponds to the physical states of the finite- 
dimensional analogue of the so-called G/G-model. Using the fact that g = © t © 
n![!'"°, it can be related to a generalization of (|2.5| ) by invoking a reduction theorem 
(see e.g. pi) 



Hi„(g,t;Fr®F;'-») = (HL«',Fr)©HL«''"»,F;'-°) 



p+q 

HL(n!^^ , F^)-p-p-w'p ■ (2.8) 



One can show that nonzero cohomology can only arise if A and /x can be parametrized 
as 

A = a*A, p = -a' * A-2p, (2.9) 

for some dominant weight A and a ^ a' , a, a' G W . [We take the usual Bruhat ordering 
on W [|l^. In particular for sl{2) and s/(3), this is just the ordering of W by the 
length Moreover, if one restricts the discussion to dominant integral weights, i.e. 
A G P+, then one can show that the cohomology does not depend on the particular 
A G P+. We will henceforth restrict the discussion to A G P+ and adopt the shorthand 
notations P- = P^a and Pr> = P^X^A-sp- 
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In order to summarize the computation of the dimensions of these cohomology 
groups, we introduce a set of polynomials by 



Ka^'iQ) = dimHi,(g, h; ® . (2.10) 

i 

They satisfy the following basic relations: 

1. V^;^' (q) = for a y a' . 

2. (i) V-f{q) = 1 , (ii) = , (iii) (1) = . 
3- V^;^\q) = V^,'2;Z'oil) (reflection symmetry). 

4. VZ^'iq) = V-r'-%q-') (Poincare duality). 

The identities in 2) follow from the fact that (i) for a = a' there is only one state 
in the complex, (ii) for w = w' the cohomology is given by ( |2.5|) , and (iii) by applying 
the Lefschetz principle. Identity 3) follows from the observation that in ( p.9|) we could 
equally well have swapped the order of the two Fock spaces and chosen the weight A' = 
—WqA to parametrize (A,/i). Finally, identity 4) follows from the fact that the module 
contragredient to is F^^°. In Appendix A we list all polynomials for g = sl{2) and 
sl{3). 

In the particular case {w,w') = (wq,!), where the polynomials correspond to the 
g cohomology of a product of two Verma modules Mo- (8> M_a-/, it is known that 
■Poff/l?) = Rcr,cr'{(l) for i{cr') —i{o-) < 3 |T^. Here, R^ryiq) denote the Kazhdan-Lusztig 



i?-polynomials [0, [Tf 

The above discussion has a straightforward generalization to the affine Lie alge- 
bras, in which case one is interested in computing the relative semi-infinite cohomology 
H°°/^+'(g, t; F^ ® F1^'^°) of the tensor product of two Wakimoto modules, twisted by 
finite-dimensional Weyl group elements w,w' &W [Q. Once more the cohomology 



can arise only for the weights satisfying the affine analogue of (|2.9| ), with a, a' in the 
affine Weyl group W . 

It is known that for w = w' (see, e.g. sections 4 and 5 in |jl2|) 



H°°/2+*(g, t; F^ ® F^^) = 6^y6''^ (T , (2.11) 



which is the analogue of ( p.5| ). We expect that for general w and w' the set of polyno- 
mials as in ( |2.1CI|) with a ,a' G W will in fact be the same as in the finite-dimensional 
case. For sl{2) this can be verified explicitly from the results of 0. The general case 
appears to be an open problem. 
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3 W-cohomology of Fock spaces at irrational oh 



Let W[g] be the W-algebra associated to some simply-laced simple Lie algebra g (see 
[p!9|] for a review and a list of notations). In the remainder of this paper we will present 
some new results for the semi-infinite cohomology H*(VV[g], V^*^ ® V^) of VV[g] on 
the product of two positive energy W[g] modules V'^ and V^. Specifically, for the 
'Liouville' module V^, representing the W[g] gravity sector, we will take the Fock 
space of an appropriate set of free scalar fields, while for the matter module we 
will take either a Fock space (section 3) or an irreducible module, i.e. VV[g] minimal 
model (section 4). Although, in general, the Cartan subalgebra of W[g] will not be 
diagonalizable on the modules V, there is still an analogue of the relative cohomology. 
One can show that the cohomology possesses a multiplet structure of 2^ states (where 
i = rankg), which is essentially due to the ghost zero modes p, U|. The lowest ghost 
number state in each multiplet will be called a prime state. Throughout this paper we 
will only formulate the results for the prime states in the cohomology. 

To be precise, our results are only valid for g = sl{2) and s/(3), for these are the only 
cases for which the differential (BRST operator) has been constructed explicitly (see 
[§, 3 for the latter, and also for some higher rank results). However, one expects 
that such a differential exists for the other W[g] algebras. In the discussion below we 
use only very generic properties of the differential, and our results should therefore be 
valid for the other VV[g] algebras as well. 

Let -F(A, ao) denote the Fock space of i = rankg scalar fields (t)^{z), normalized such 
that (l)^{z)(j)\w) = —S''''\n{z — w), coupled to a background charge aop- The Fock space 
vacuum |A) is labelled by a vector A in the weight space of g such that p^\A) = A^\A). 

A realization of W[g] on the Fock space -F(A, ao) can be constructed by means of 
the Drinfel'd-Sokolov reduction. In particular, the stress energy tensor is given by 

T{z) = -l{d(P{z) ■ d(P{z)) - iaop ■ d^{z) . (3.1) 

It generates the Virasoro subalgebra of VV[g]. The central charge and conformal dimen- 
sion of F(A, ao) are given by 

c = i - I2al\p\'^ , /i(A) = |(A, A + 2aoP) • (3.2) 

Let us first consider the cohomology ff(>V[g], F(A^-'^, Oq^) ® F(A^,q;o)). Imposing 
the condition that the total central charge vanishes in order for the differential to be 
nilpotent, leads to the following parametrization of a^^ and 

= a+ -|- a_ , —ia^ = a+ — a_ , a+a_ = —1 . (3.3) 

By standard arguments, based on the composition series of a Fock space, one can 
show that the cohomology is trivial [i.e. contains at most tachyonic states) if either 
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F(A^, a^) or F{A^, a^) is irreducible (see e.g. [gj])- Recall that a Fock space F(A, oq) 
is reducible if and only if there exists a root a G A+ such that (see e.g. [^) 

(A + aoP,a) e ±(Wa+ + i/Va_) , (3.4) 

and 'completely degenerate' if ( |3.4|) holds for all roots a G A+. Therefore, in the 
reducible case, it is convenient to parametrize A by 

A + aop = w"^(a+(T(A'^+) + p) + ^-(A^^) + p)) = A{w, a) + aop , (3.5) 

for some weights A'^+^A*^^^ and w,a E W. If F(A,ao) is reducible in the direction of 
a e A_i_, then we can choose A(+) and A^") such that (AW,a) G IN, (A(-),a) G IV. 
If F{A,ao) is completely degenerate then one can choose A'^+^A'^^^ G P+ as well as 
(J = 1, and if moreover is irrational then this parametrization of A in terms of 

is unique. In this paper we will only consider the completely 
degenerate case. In the case that -F(A, ao) is reducible only in certain directions the 
cohomology essentially reduces to the one of a smaller W-algebra. It can be analysed 
similarly. 

The highest weight vectors of all F{A{w, 1)), w G W, have the same eigenvalues 
with respect to the W[g] generators because these are invariant under A + aop — >■ 
w{A + aop). Therefore, all F{A{w,l)) contain one and the same irreducible W[g] 
module L{A). Thus, by arguing in the usual way, we obtain a family of resolutions 
C^L(A) of L{A), parametrized by w E W, that are based on F{A{w, 1)). For a"^ 
these resolutions have a finite number of terms (see section 4 for G(^). Specifically, 
for A = a+A*^"^^ + a_A^~) we have 

C;L(AW,A(-)) = F{A{w,a)). (3.6) 

where A{w, a) is defined in (|3^). For w = 1 these resolutions were already constructed 
in |23,g. 

Let us now turn to the discussion of the cohomology H*(W[g], F(A*^, aQ^)®F{A^, ))■ 
By analysis of the Kac-determinants for VV[g] [Q and standard reasoning using compo- 
sition series for F, one can argue that: 

For A*^ of the form ^3^ ), i.e. 

A^'iw, a) + p = (a+(T(AW + p) + a_(A(-) + p)) , (3.7) 

the cohomology II*(W[g], -^(A^''^, Oq^) (g) F(A-^, )) can only be nontrivial if 
A^ = A^{w', a') for some w', a' G W , where 

- i{A^{w\ a') + a^p) = w''^ (a+(T'(AW + p) + a.{A^-^ + p)) . (3.8) 
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At this point we note a remarkable similarity between the resolutions of ( |3.6| ) and 
(|2.6|) , which suggests that the matter module F{A^{w,a)) behaves like the twisted 
Wakimoto module F^, while the Liouville module F{A^{w',a')) behaves like the dual 
of the matter module, i.e. like F^^°. For irrational we therefore expect a close 
correspondence between the W[g] co homology of a tensor product of two Fock spaces 
and the (twisted) g cohomology of a tensor product of two twisted Wakimoto modules. 
More precisely, we assert that 

dimff (W[g], F{A^\w, a))^F{A\w', a'))) = V^;^' (q) , (3.9) 



where the polynomials V^^'^ (q) were defined in ( 2.10|) (see Appendix A for an explicit 
list of all polynomials for g = s/(2) and s/(3)). 

For g = s/(2) the result agrees with |21|, For s/(3) the result ( |3l9| ) is in complete 
agreement with the states explicitly constructed in ^ (in only states corresponding 
to, in our conventions, w = a, w' = a' of ghost number £^,'{10') = —i{w') were consid- 
ered). We have explicitly constructed some additional physical states. The results are 
consistent with (|3l9|). 

Let us now examine the consequences of ( |3.9| ) for the (chiral) ground ring at irra- 
tional in the W[s/(3)] case. From the explicit results in Appendix A we conclude that 
for every A*^+\ A*^^) G P+ we have a ground ring element iff {w,w') = {l,wo), (o", cr') = 
(l,wo). Moreover, this element is unique. Let us denote it by 0(a(+),a(-)). The ground 
ring is freely generated by 0(Ai,o), 0(A2,o), 0{o,Ai) and 0{o,A2) (in the notation of [0| these 
correspond to 7°, 7°, Xi and X2, respectively). [Note that our present conventions differ 
from those in [ij.] 

It is reasonable to believe that an equation similar to (|3.9|) holds for rational if 
one replaces the g Fock space F^ with its corresponding affinization i.e. a (twisted) 
Wakimoto module of g, and let a run over the affine Weyl group. In particular we claim 



see (|2ll|)): 



H*(VV[g], F{A^{w, cr))(8>-F(A^(w, cr'))) (i.e. w = w') is nontrivial only if a = a' in which 
case it is one- dimensional and concentrated in dimension i = (tachyonic state). 

For s/(2) this claim is known to be correct, while for other g it is consistent with 
sample calculations. In particular, this assertion leads to the cohomology of W minimal 
models (section 4) where it does not contradict previous results. [In the affine Lie 
algebra case it corresponds to ( |2.11| ). For the analogous statement for (contragredient-) 



Verma modules see ^.] 

For g = s/(2) it is well-known that the dimensions of the cohomology groups 
H*(W[g], F(A^^(w, 0")) F {A^ {w' , a'))) are insensitive as to whether is rational 
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or irrational, as a consequence of an SO {2,(1!) symmetry relating different values of a+ 
This S0{2,(r) symmetry does not persist to higher rank W-algebras, and in fact 
for g = s/(3) it has been shown that the cohomology at c'^^ = 2 (corresponding to 
a± = ±1) is considerably larger than for irrational (see for some results for VV3 
at c^^ = 2). There are two, possibly related, reasons for this phenomenon. Firstly, for 
a\ = ±1 the parametrization ( p.5| ) in terms of A'-^-*, A^^-* G P+ is still highly redundant. 
Secondly, at a± = ±1, both the complex and the cohomology carry a representation of 
g, where the g-generators are given by the (zero modes of a) Frenkel-Kac-Segal vertex 
operator construction in the matter sector. 

4 W- cohomology of minimal models 

In this section we will give a complete classification of physical states for a W[g] minimal 
model coupled to W[g] gravity. 

The W[g] minimal models arise for a"^ = p/p' {p and p' relatively prime integers) 
and are labelled by two integrable weig hts A(+) G and A(-) G ~^ such that 

the highest weight is given by A = a+A*^+^ + a^h.^^\ Here, denotes the set of 
integrable weights of g at level k and hy is the dual Coxeter number. 

We have a set of resolutions, parametrized by w G W , of the minimal model 
L(A("'"\ A^~)) in terms of twisted Fock spaces similar to (|3.6| ) 

C;L(AW,A(-)) = F(A(t.,a)), (4.1) 

{u&W\tn,{cT)=i} 



where A(w, cr) is defined as in (3^), but now the sum over a runs over the affine Weyl 
group W . [We recall that any w & W can be written as w = tpw for some w & W and 
translation tp such that w\ = tpwX = wX + kjS for affine weights A of level k. In the 
following p is regarded as an element of P+^.] The twisted length on the affine Weyl 
group W is defined by (see []Tl], |T5[) 



C(a) = lim (iit.Nn^pa) - iit^Nwp)) ■ (4.2) 

A* — >oo 

Since, for each a E W there are only a finite number of possible cancellations between 
t-Nwp = wt^i^pW"^ and o", the limit in ( [4.2|) is in fact reached at a finite value of N . 
Note furthermore that for cr G IV the length defined by ( |4.2| ) reduces to the usual 
twisted length ^w{<y) = i{w^^a) — £{w~^). 

Now, consider the cohomology II'(W[g], -L(A'^+\ A*^^)) ® F(A^,aQ)). By taking an 
arbitrary resolution Cli,L(A^~^\ A^^^) of L(A^~^\A^~^) one finds that the cohomology is 
nontrivial if and only if A^ = A^(w, a) for some w G W and a where 

- «(A^(w;, a) + a^p) = (a+a(AW + p) + a_(A(-) + p)) . (4.3) 
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Now, as discussed in section 3, (W[g], F(A^^(w;, a))^F{A^{w, a'))) = 6^^^>6'^^. Thus 
by taking, for any = A^{w,a), a resolution C^L(A(+), A(~)) of L(A(+),A(~)) with 
the same twist w G W, the same argument as in e.g. EM immediately yields 



1. The cohomology ff (W[g], /^(AW, A^")) F(A^, a^)) is nontrivial iff = A^{w, a) 
for some w E W and cr & W . 

2. For = A^{w,a) there is precisely one (prime) state in the cohomology. Its ghost 
number is given by iw{cr) and its energy level by E = i|a_,_(A(+) + p) + a^{A^^^ + p)P ~ 
i|A^(w,(T) + a^pp. 

In [Q we obtained this result for the particular case that —i{A^ + a^p) is in the 
fundamental Weyl chamber D+. This corresponds to those A^{w,a) where for any 
a E W the Weyl group element w = is determined in such a way that —i{A'^{wa-, cr) + 
cXqp) G -D+. The above result extends our previous work to all Weyl chambers. For 



s/(2) it agrees with gl], |4 



For g ^ s/(3) and the trivial module L(A(+),A(-)) ^ (H {i.e. p = 3, p' = 4 and 
A(+) = A(-) = 0) the results can be compared to those for the 'two-scalar W3 string' M. 
We find a complete agreement. For illustrative purposes we provide, in this case, a table 
of physical states for low ghost numbers. In each row the table lists, for given a E W 
(£(cr) < 4), the values of the (energy-) level E and the ghost number iw{o') , w E W (see 
( ^4.2|) ), of the corresponding (prime) state in H*(>V3,(r (8> F{A^{w,a))). The table can 



be compared to the results of [§. 
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A Appendix 

In this appendix we give some explicit polynomials V^'^ (q). In particular we present 
an exhaustive list for g = s/(2) and s/(3). The results have been verified by explicit 
computation. 

p-;7(g) = (^ iffT = (T' ^^^^^ 

1 otherwise 
r 1 if a = a' 

K'^^'il) = \q^'-l if a ^ r^a.a = a', wa, E (A.2) 
1 otherwise 



9 



For i j 



( 1 



^±1 



-11 



if (7 = a' 

if a -< r^a^o- = a' , G 

or a -< r^r.a.o- = a' , tyria^ G A^p 

if a ^ r^a.cr -< r^aJwajCr = a' , wai G Azp , (A. 3) 

writtj G A^ 



(g - l)(g ^ - 1) if cr ^ r^„^a -< r^aT^„^.a = a' , wa^ G , 
WTiaj G A± 



Note that ([A .31) can be summarized as 



(A.4) 



The right hand side of ([A .41) is in fact the polynomial associated to the first term in 
the spectral sequence of H^^(g,t;F^ ® pwr^r^wo^ with respect to the decomposition 
g = Yx^"- © t © Y\^"'^° . In this particular case this spectral sequence collapses at the 
first term, hence the result ( |A.4| ). 

For s/(3) the above determines all but the six polynomials V^'^^°{q), which are 
listed below 



For i,j G {1,2}, i^j 



q-l 

(g3 - 2g2 + 2q 



1 

q-l 

q-^ - 1 
l(g-l)(g-i-i: 



if (T = a' 

if £(cr') - 
if l{a') - 
if ffa') - 



fa) 



1 
2 
3 



if a = 

if O" -< TjCr = a' 

or a ^ r,,^.a,cr = o' 

if 0" -< Tja = o' 

if cr -< oTj -< aTiTj = a' 



(A.5) 



(A.6) 
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